The aim of this paper is to derive an index able to indicate if a discount function exhibits increasing or decreasing impatience, and, even, in the last case, whether the decreasing impatience is moderate or strong. Moreover, it will be shown that the sign of this indicator coincides with the sign of the convexity index of the discount function when only considering the cases of increasing and decreasing impatience. Consequently, this parameter supposes an improvement of Prelec's index of convexity. The main advantage of this novel measure is that, the same as Prelec's index, it uses the differential calculus and, moreover, can be easily plotted by showing the changes from a type of impatience to another one according to time.
Introduction
Intertemporal choice refers to the process of decision-making between several options whose monetary amounts occur at different moments of time. It can be treated by means of a discount function [1] which measures the present value of a dated reward, or alternatively by means of a preference relation � (at least as preferred as) over a set of outcomes X × T. The most famous representation theorem of preferences was provided by Fishburn and Rubinstein [2] : If order, monotonicity, continuity, impatience, and separability hold, and X is an interval, then there are continuous real-valued functions u on X and F on T such that ðx; sÞ � ðy; tÞ if; and only if; uðxÞFðsÞ � uðyÞFðtÞ; ð1Þ
where u(x) (called the utility) is increasing, u(0) = 0, and F(t) (called the unitary discount function) is decreasing and positive.
In the field of economics, the modelization of intertemporal choice started when Samuelson [3] proposed the Discounted Utility (DU) Model. The foundation of this model is the use of a constant instantaneous discount rate which leads to a consistent choice behavior represented by exponential discounting. In other words, Samuelson's model supposes that people act in such a way that their decisions do not vary with the passage of time. However, some recent studies in the field of behavioral finance and neuroeconomics have revealed the presence of certain limitations, called anomalies, shown by the DU Model. Nevertheless, before starting with the contents of this paper, we have to recall that the analysis of intertemporal choice process revolves around the concept of impatience. Several authors (e.g., [4] ) have defined this key concept as a synonym of impulsivity, i.e., a strong preference for small immediate rewards over large delayed ones. From another point of view, if F is a discount function, the impatience associated to the interval [t 1 , t 2 ] was defined by [1] as 1 minus the value of the discount ratio, f(t 1 , t 2 ), corresponding to this interval. Specifically:
where δ(x) is the instantaneous discount rate at time x, defined as:
From this equation the following observations can be pointed out:
• The so-defined impatience lies in the interval [0, 1].
• The degree of patience of an individual can be measured by the discount factor. In effect, the lesser the discount factor in [t 1 , t 2 ], the more sloped is the discount function in such interval, and then the greater is the preference for immediate over delayed rewards, i.e., people are less patient (more impatient).
• The instantaneous discount rate represents the impatience of a decision-maker at a given moment.
This manuscript has been focused on the analysis of inconsistency in intertemporal choice, that is to say, on the existence of preference reversals, which means that the subject changes his/her initial choice decision when the offered rewards are delayed over the same period of time. Several economists (such as [5, 6] ), based on [7] , defined the reversal of preferences as a discrepancy between the current decision-making and the same choice in the future. To explain this phenomenon, it is very useful the following example where [5] required people to choose between a small but earlier reward and a larger but later reward. After taking his/her decision on the small earlier reward, these scholars delayed both amounts preserving the temporal interval between them. Now, some decision-makers turned their preference towards the larger later reward, even for very small amounts of added delay. Observe that the concept of time inconsistency agglutinates the idea of impulsivity and self-control. This manuscript will be devoted to the analysis of the delay effect or time inconsistency by providing a novel measurement of the degree of inconsistency in the ambit of intertemporal choice.
Taking into account that the inconsistency shown by a subject can be described by the variation of the instantaneous discount rate, this anomaly could be explained as the variation of time preference [8] . In particular, decreasing (resp. increasing) impatience is equivalent to require a decreasing (resp. increasing) instantaneous discount rate [9] .
In order to design a new measure of inconsistency, consider the indifference relation (γ, s) � (β, t), with s < t, called an indifference pair. If the availability of the reward β is delayed until moment t + τ, with τ > 0, the delay σ > 0 for which the former indifference relation is preserved, (γ, s + σ) � (β, t + τ), satisfies [10] :
This equation represents the relative instantaneous variation in the availability of rewards which will be denoted by v(s, t) and will be called the instantaneous variation rate. Obviously, it can be derived that time preference exhibits decreasing impatience if, and only if, the instantaneous variation rate is less than one.
On the other hand, [11] considered that the degree of inconsistency can be represented by the convexity index of the logarithm of the discount function. The drawback of this indicator is the difficulty of its measure, so [12, 13] introduced two novel measures of decreasing impatience, viz the hyperbolic factor and the DI-index. The main advantage is that both measures can be calculated starting from experimental data without any knowledge of utility, so they can also be used when preferences cannot be represented by a discounted utility, unlike Prelec's measure which requires the representation of preferences by means of a discount function. First, Rohde [12] , starting from two indifference pairs, (γ, s) � (β, t) and (γ, s + σ) � (β, t + τ), where γ and β � 0, with s < t, σ > 0 and τ > 0, proposed the so-called hyperbolic factor as the function defined by:
Hðs; t; s; tÞ ≔ t À s ts À st :
Starting from the hyperbolic factor, Rohde [12] defined increasing impatience, moderately decreasing impatience and strongly decreasing impatience (see Section 2). However, the hyperbolic factor is a measure of impatience only for people who exhibit moderately decreasing impatience or increasing impatience.
Consequently, Rohde [13] provided another measure of decreasing impatience, the socalled DI-index, defined by:
which is an approximation of Prelec's degree of inconsistency, P(t). In effect, it can be shown [14] that
The DI-index does not have the aforementioned problem and can also be computed for people who exhibit strongly decreasing impatience. Moreover, as indicated, the DI-index approximates Prelec's measure of inconsistency, whilst the hyperbolic factor does not. Table 1 summarizes the sign of the measures related with inconsistencies in intertemporal choice.
Observe that, in order to know if an intertemporal choice exhibits (strongly or moderately) decreasing or increasing impatience, we have to calculate the sign of at least two indexes in Table 1 . Consequently, the objective of this manuscript is to improve these measures by obtaining a new index able to detect all the aforementioned types of impatience.
Finally, let us provide more justification about the need of introducing the concepts of strongly and moderately decreasing impatience. From a managerial point of view, [15] point out that managers in private companies or public institutions may be affected by stress because their decisions about long-term business strategies can be in conflict with short-term profits required by the company. This is an important issue since stress may give rise to inconsistency in their decisions involving intertemporal choices. From a pharmacological perspective, in a recent article, [16] stated that drug addicts and people with other diseases such as obesity, gambling addiction, attention deficit hyperactivity disorder and schizophrenia, discount future stimuli more quickly than those people who do not have these addictions or diseases. It could be said that these people are more impulsive or impatient than individuals without addiction or these diseases. After a wide revision of the literature on addictive behavior and the discount of future rewards [17] , a strong evidence of greater discount and even preference reversals was found in people with addictive behavior. There are empirical studies where only monetary rewards (mainly hypothetical) are discounted, but there are also empirical works which compare the discount of monetary and non-monetary rewards by people suffering or not addictive behavior. The same as non-monetary rewards, hypothetical amounts of cigarettes [18, 19] , heroin [20] , crack/cocaine [21] and alcohol [22] have been used. As a general conclusion, all these addictive substances were discounted more than money by their users. In addition, the largest discount was applied to the monetary rewards of drug users. The consideration of this so-called "excessive discount" [16] and the reversion of preferences, as processes which underlie diseases and other disorders, justify the necessity of distinguish the impatience showed by a discount function between moderate and strong. In [23] , the discount function FðtÞ ¼ 1 1þit k (i > 0 and k > 0) was proposed as an alternative to hyperbolic discounting in order to describe the excessive discount revealed by [16] . Unfortunately, this discount function does not show strongly decreasing impatience whereby, in Section 4, we will present a methodology to obtain discount functions exhibiting all types of impatience by distorting a discount function which exhibits decreasing impatience with the deformation D(t) = t k (k > 0). Fig 1 summarizes the content of Section 1. This paper has been organized as follows. In the Introduction, we have centered the objective of this manuscript by indicating its justification and the main previous measures of inconsistency. Thus, we are mentioned the measure proposed by Prelec [11] , and the hyperbolic factor and the DI-index both proposed by Rohde [12, 13] . In Section 2, we have characterized all types of inconsistencies starting from two indifference pairs by using two approaches: one based on preferences and the other one quantified by a discount function. In Section 3, we have proposed a new measure of inconsistency, denoted by I 3 (t), starting from the concepts of elasticity and hyperbolic factor. This novel tool will allow us to distinguish between all types of impatience according to its sign and its possible values. In this section, we will characterize the q-exponential discounting by demonstrating that, in this and only in this case, I 3 (t) is constant. In Section 4, we have analyzed the behavior of this new measure of inconsistency in the case of S-inverse discount functions, by considering the particular case of deforming a CRDI discount function. Finally, Section 5 summarizes and concludes.
Variation of impatience
As indicated in the Introduction, the objective of this manuscript is to improve the measures included in Table 1 by obtaining a new index able to detect all types of impatience. This novel index will be derived from the limit of the hyperbolic factor when τ ! 0 and s ! t, and will be computed as 1 plus the ratio of the derivative of the instantaneous discount rate to the derivative of the elasticity of the corresponding differentiable discount function, this quotient being powered to the sign of δ 0 (t) + � 0 (t) (see Section 3). Particularly, in this paper we will focus on the S-inverse discount functions [24, 25] which exhibit first increasing and then decreasing impatience. This type of discount function can be obtained by deforming [26] a discount function which exhibits decreasing impatience with the Stevens' "power" law [27] . In effect, if F(t) is a subadditive discount function and G(t) is its corresponding new discount function by using the deformation D(t) = t k , where k > 0, one has G(t) = F(t k ). If k > 1, a necessary and sufficient condition for G(t) being an inverse S-curve discount function is that the equation kÀ 1 kt k ¼ d V ðt k Þ has a finite number of solutions, where δ V is the instantaneous discount rate of the discount function V(t) ≔ δ(t)/δ(0) (take into account that δ is decreasing). Following this methodology, in this manuscript, we have introduced a discounting model where all types of inconsistency are present according to the solutions of the former equation. This particular case is based on the CRDI (constant relative decreasing impatience) discount function proposed by [28, 29] . This class of discount functions generalizes the family of functions introduced by [30] and [31] , because they can have every degree of inconsistency. Fig 2 schematizes the contents of this section in order to help readers to follow the development of ideas.
An approach with preference relations
Let us start with some definitions which will be necessary for the development of this section [32] . Consider the set M ¼ X � T, where X = [0, +1) and T = [0, +1). Let � be a preference relation defined on a subset D � M, satisfying:
1. Ordering and continuity, i.e., � is a continuous, weak (reflexive, transitive and complete) order on D.
Monotonicity:
• For every s 2 T and t 2 T, then (0, s) � (0, t).
• For every x 2 X, y 2 X and t 2 T, then (x, t) � (y, t), whenever x > y.
• For every x 2 X, s 2 T and t 2 T, then (x, s) � (x, t), whenever s < t.
Definition 1.
A decision-making based on preferences � exhibits decreasing (resp. increasing) impatience if, for every ðx; sÞ 2 D and ðy; tÞ 2 D such that (x, s) � (y, t) and k > 0 such that ðy; t þ kÞ 2 D, one has ðx; s þ kÞ 2 D and (x, s + k) � (y, t + k) (resp. (x, s + k) � (y, t + k)) [11] .
Under the conditions of Definition 1, if (x, s + k) � (y, t + k), we will say that the impatience is constant. From now on, we will focus on decreasing impatience and assume that D ¼ X � ½0; t 0 Þ (t 0 can be +1). Thus, the condition ðy; t þ kÞ 2 D necessarily implies ðx; s þ kÞ 2 D. Analogously, in the rest of this section, the requirement ðy; t þ tÞ 2 D will imply ðx; s þ sÞ 2 D. As a result, the concepts of strongly decreasing impatience and moderately decreasing impatience have been slightly changed with respect to Rohde's (2015) paper in order to reach more accurate definitions involving the domain of the preference relation and the discount function. With this hypothesis, we can enunciate the following lemma. The following definition was provided by [12, 13, 33] . Definition 2. A decision-making based on preferences � and exhibiting decreasing impatience (σ < τ in Definition 1) has moderately (resp. strongly) decreasing impatience if sτ < tσ (resp. sτ � tσ).
The following theorem provides a nice characterization of strongly decreasing impatience. Theorem 1. A decision-making based on preferences � exhibits strongly decreasing impatience if, and only if, for every ðx; sÞ 2 D and ðy; tÞ 2 D such that (x, s) � (y, t) and λ > 1 such that ðy; ltÞ 2 D, one has ðx; lsÞ 2 D and (x, λs) � (y, λt).
Proof. Necessity. Assume first that � exhibits strongly decreasing impatience. Let ðx; sÞ 2 D and ðy; tÞ 2 D be two outcomes such that (x, s) � (y, t) and λ > 1 such that ðy; ltÞ 2 D. We can write (y, λt) = (y, t + (λ − 1)t). By Lemma 1, there exists σ = σ(x, y, s, t, λ) (0 < σ < (λ − 1)t) such that: ðx; s þ sÞ � ðy; t þ ðl À 1ÞtÞ:
By hypothesis, one has s(λ − 1)t � tσ and, consequently, s(λ − 1) � σ. Therefore, by monotonicity, Fig 3. In effect, starting from the indifference pair (7.66, 2) � (10, 5) (line in blue), taking the factor λ = 3, one has: ð7:66; 6Þ � ð10; 15Þ (see line in red). That is to say, multiplying both dates by λ = 3, the first reward moves above the indifference line, whilst summing up k = 4, this reward is now below such line.
An approach with discount functions
Before starting this section, we need some definitions. is said to be a discount function if F is strictly increasing with respect to x, strictly decreasing with respect to t, and satisfies 1. F(0, t) = 0, for every t 2 [0, t 0 ).
2.
F(x, 0) = x, for every x 2 X.
Definition 4. A discount function F(x, t) is said to be regular if D ¼ M and lim t!þ1
Fðx; tÞ ¼ 0:
On the other hand, F(x, t) is said to be singular if D ¼ M and
Fðx; tÞ ≔ LðxÞ > 0:
There are other discount functions, called "of bounded domain", such as F(x, t) = x(1 − it), i > 0, whose domain is:
where u is strictly increasing, F is strictly decreasing, u(0) = 0 and F(0) = 1.
From now on, we will consider only separable discount functions. In this case, we will be refer to F(t) as the unitary discount function (observe that, in this case, u(x) = 1). If a separable discount function is regular, then Fðx; tÞ ≔ L > 0:
The proof of Lemma 1, Theorem 1 and Corollary 1 are also possible by using the separable discount function derived from the preference relation (see Introduction). In effect, the indifference pair (x, s) � (y, t) gives rise to the following equality:
For every τ > 0 such that ðy; t þ tÞ 2 D, the equation in σ: In order to present the following two results which characterize both strongly and moderately decreasing impatience, we need the following definition.
Definition 6. Let F(t) be a unitary discount function, differentiable in its domain. The elasticity of F(t) is defined by:
�ðtÞ ≔ t F 0 ðtÞ FðtÞ ¼ tð ln FÞ 0 ðtÞ ¼ À tdðtÞ:ð7Þ
Corollary 2. A decision-maker exhibiting preferences governed by a separable discount function F(x, t) = u(x)F(t) has strongly decreasing impatience if, and only if �(t) is increasing.
Proof. Necessity. Let r 2 T and s 2 T be two instants such that r < s. As X = [0, , +1[, we can find two outcomes v and w such that uðvÞFðrÞ ¼ uðwÞFðsÞ:
By Theorem 1, for every λ > 1 such that ðw; lsÞ 2 D, one has ðv; lrÞ 2 D and (v, λr) � (w, λs), from where uðvÞFðlrÞ � uðwÞFðlsÞ: ð9Þ
By dividing the two left-hand sides and the two right-hand sides of Eq (8) and inequality (9), we obtain: which means that �(t) is decreasing. Sufficiency. It is obvious. Corollary 3. A decision-maker exhibiting preferences governed by a separable discount function F(x, t) = u(x)F(t) has moderately decreasing impatience if, and only if, �(t) is increasing.
Proof. In effect, if � is increasing, then � 0 ðtÞ ¼ À dðtÞ À td 0 ðtÞ > 0;
which necessarily requires that δ 0 (t) < 0. Therefore, the decision-maker exhibits decreasing impatience. The rest of the proof is analogous to that Corollary 2.
Searching a new measure of inconsistency
The index of convexity introduced by Prelec [11] :
PðtÞ ≔ À ð ln FÞ 00 ðtÞ ð ln FÞ 0 ðtÞ ¼ À d 0 ðtÞ dðtÞ ¼ À ð ln dÞ 0 ðtÞ ð10Þ
is not able to distinguish if the discount function F(t) exhibits moderately or strongly decreasing impatience (see Table 1 ). Our aim is to derive a new index able to detect these changes of decreasing impatience, apart from increasing impatience. Definition 7. For every indifference (x, s) � (y, t), the hyperbolic factor is defined by:
provided that ðx; s þ sÞ � ðy; t þ tÞ:
If the decision-maker exhibits increasing impatience, then τ < σ and so sτ < tσ. Consequently, H(s, t, σ, τ) < 0. In case of decreasing impatience, the τ > σ and so H(s, t, σ, τ) > 0 is the decision-maker exhibits moderately decreasing impatience, and H(s, t, σ, τ) < 0, otherwise.
By dividing both the numerator and the denominator of H(s, t, σ, τ) (Eq (11)) by τ, one has:
Hðs; t; s; tÞ ≔ 1 À s t t s t À s : In this case,
• δ(t) = k exp{−kt}, and
• �(t) = −kt exp{−kt}.
By differentiating both functions,
• δ 0 (t) = −k 2 exp{−kt} (so F(t) exhibits decreasing impatience), and
Therefore, by simplifying both the numerator and the denominator of the expression of H(t), one has:
Thus, for example, if k = 0.3, H(t) is positive for t < 3.33, and negative, for t > 3. 33 . In other words, F(t) exhibits moderately decreasing impatience for t < 3.33 and shows strongly decreasing impatience for t > 3. 33 . Observe that this result coincides with the conclusion of Example 2 in [14] .
Example 3. Analyze the impatience exhibited by the discount function FðtÞ ¼ expfÀ arctan ðtÞg:
In this case,
• dðtÞ ¼ 1 1þt 2 , and • �ðtÞ ¼ À t 1þt 2 . By differentiating both functions,
ð1þt 2 Þ 2 (so F(t) exhibits decreasing impatience), and
Thus, F(t) exhibits strongly decreasing impatience for long term periods (t > 1 ) (see Fig 3) . Observe that this result coincides with the conclusion of Example 3 in [14] .
Proposition 1. H(t) is constant if, and only if, F(t) is the q-exponential discount function.
Proof. In effect, let F(t) be the q-exponential discount function [34] :
• dðtÞ ¼ k 1þð1À qÞkt , and
By differentiating both functions,
• d 0 ðtÞ ¼ À ð1À qÞk 2 ½1þð1À qÞkt� 2 , and
Reciprocally, if H(t) is constant:
HðtÞ ¼ h or, equivalently, d 0 ðtÞ ¼ h� 0 ðtÞ:
By integrating both hand sides of the former equality, one has the following chain of equalities:
Therefore,
Making k/h equal to 1/(1 − q), we obtain h = k(1 − q) and so
which is the q-exponential discount function. Finally, observe that k = δ(0) > 0.
In what follows, we are going to analyze the sign and the possible values of H(t). To do this, we can distinguish three cases:
1. δ 0 (t) > −� 0 (t). In this case, we can consider the following three possibilities:
• If F(t) exhibits increasing impatience, then δ 0 (t) > 0 and H(t) < 0, whereby � 0 (t) < 0 and so:
d 0 ðtÞ > À � 0 ðtÞ > 0: Therefore,
HðtÞ < À 1:
• If F(t) exhibits strongly decreasing impatience, then δ 0 (t) < 0 and H(t) < 0, whereby � 0 (t) > 0 and so:
Therefore, À 1 < HðtÞ < 0:
• Finally, if F(t) exhibits moderately decreasing impatience, then
In this case, we can consider the following three possibilities:
• If F(t) exhibits increasing impatience, then δ 0 (t) > 0 and H(t) < 0, whereby � 0 (t)<0 and so:
0 < d 0 ðtÞ < À � 0 ðtÞ:
• If F(t) exhibits strongly decreasing impatience, then δ 0 (t) < 0 and H(t) < 0, whereby � 0 (t) > 0 and so: d 0 ðtÞ < À � 0 ðtÞ < 0: Therefore,
• Finally, if F(t) exhibits moderately decreasing impatience, then HðtÞ > 0:
3. δ 0 (t) = −� 0 (t). In this case, h = 1 in Proposition 1 and, consequently, F(t) = (1 − t) k , k > 0 which, obviously, exhibits increasing impatience.
By putting cases 1 and 3 together, Tables 2 and 3 summarize the obtained results. Corollary 4. The q-exponential discount function can not exhibit strongly decreasing impatience.
Proof. In effect, taking into account Proposition 1, � 0 (t) < 0, from which:
• If q < 1, then δ 0 (t) < 0 and H(t) > 0. Therefore, F(t) exhibits moderately decreasingimpatience.
• If q ! 1, F(t) tends to the exponential discounting which shows constant impatience.
• If q > 1, then δ 0 (t) > 0 and H(t) < 0. Therefore, F(t) exhibits increasing impatience.
The former result can be confirmed by Fig 4 in which the indifference lines have been derived from the hyperbolic discounting (specifically, FðtÞ ¼ 1 1þ0:4t ). Definitively, in order to unify the former two cases in only one and that the new index has the same sign as Prelec's measure, we re going to introduce the following definition: Definition 8. Let F(t) be a discount function. The instantaneous impatience index of F(t) at time t, denoted by I 3 (t), is given by: Table 4 exhibits the range of values of I 3 (t). Observe that I 3 (t) has the same sign as P(t), depending on whether F(t) exhibits increasing or decreasing impatience.
As indicated, the instantaneous impatience index generalizes Prelec's index. In effect, assume that sign[δ 0 (t) + � 0 (t)] = +1. In this case,
Obviously, the numerator is positive. In case of decreasing impatience, then δ 0 (t) < 0. On the other hand, if the numerator has to be positive, necessarily � 0 (t) > 0 holds. Therefore, I 3 (t) > 0. In case of increasing impatience, then δ 0 (t) > 0. On the other hand, � 0 (t) = −δ(t) − tδ 0 (t) < 0 holds. Therefore, I 3 (t) < 0.
Analogously, assume that sign[δ 0 (t) + � 0 (t)] = −1. In this case,
Obviously, the numerator is negative. In case of decreasing impatience, then δ 0 (t) < 0 and so I 3 (t) > 0. On the other hand, in case of increasing impatience, then δ 0 (t) > 0 and so I 3 (t) < 0.
In consequence, I 3 (t) has the same sign as P(t) which means an improvement when measuring inconsistency. Table 2 . Types of impatience according to the values of H(t) (δ 0 (t)� −� 0 (t)). Source: Own elaboration.
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Conclusions
This paper dealt with the topic of inconsistency in intertemporal choice by distinguishing between increasing and decreasing impatience. Within this last group, we will follow the classification provided by [35] who discriminates between moderately and strongly decreasing impatience. According to the treatment of inconsistency with preferences, we have obtained nice characterizations of increasing impatience, moderately decreasing impatience and strongly decreasing impatience by using constant and proportional increase of time, and the tools of differential calculus. Finally, the main contribution of this manuscript is the introduction of a novel index (denoted by I 3 (t)) which can distinguish the intervals in which a discount function exhibits either increasing impatience or moderately or strongly decreasing impatience. Indeed, this index improves the DI-index (and then Prelec's measure of inconsistency) which only discriminates between increasing and decreasing impatience, and also improves the hyperbolic factor which exhibits the same sign for increasing and strongly decreasing impatience.
As a further research, we would like to design a suitable survey in order to analyze the degree of inconsistency I 3 (t) exhibited by several groups of subjects [36, 37] of different age [38, 39] , sex, marital status, purchasing power, country, etc. 
